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This report examines issues arising from the presence of conflicting
goals among decentralized controllers. Of primary interest is the role that
the Stackelberg strategy can play in the decentralized control problem.

A sampled data Stackelberg coordination scheme is developed in
which both conceptual and computational issues are dealt with, Conditions
which are sufficient for guaranteeing the existence of a stabilizing
Stackelberg equilibrium solution are derived for a simple form of the
Stackelberg strategy. Also, the role that the information structure can play
in the decentralized control problem is demonstrated and a form of the

Stackelberg strategy is developed for designing improved information structures.
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CHAPTER 1

INTRODUCTION

The design of a decentralized control scheme for a large scale
system will, in the formulation of the problem, generally take advantage
of some aspect of the structure of the system [16,17,18] or the problem
may be formulated so that a desired structure is imposed on thesystem, e.g.,
{19,20,21,12].

Controller are generally implemented in some form of state feed-
back., Since many aspects of the system structure are variant under the
control actions, the dependence of the decentralized control schemes on the
structure maker many of the schemes crucially dependent on a uniformity of
the goals of the individual decision makers,

In many situations, the individual decision makers will have
different goals and it may be infeasible to have cooperation in agreeing on
a common, single goal. So, given that there may exist multiple goals, it
is of interest to analyze the decentralized control problem in this setting.

We will examine issues arising from the presence of conflicting
goals among the decentralized controllers. The rational behavior of the
controller is characterized by a strategy defining the rules of their
behavior. Of primary interest to us will be the role that the Stackelberg
strategy can play in the decen*ralized control problem and a number of
conceptual issues that arise in attempting to make use of the strategy.

The Stackelberg strategy is well suited for use in designing a
coordination scheme where there are many controllers acting on the system,

each with a different criterion to be optimized. There are, however, some
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issues regarding the strategy which have yet to be resolved. Among these
are the fact that the principle of optimality does not in general hold and
its imposition for the continuous time case has yet to be satisfactorily
dealt with. Also, unlike the classic single criterion linear quadratic
problem, a closed form solution satisfying the necessary conditions or a
satisfactory numerical solution technique have yet to be developed. In
Chapter 2 we develop a sampled data equilibrium strategy which provides
a computationally tractable solution technique.

This coordination technique is prescriptive, i.e., if a solution
exists, it provides the methodology for calculating it. The existence of
a solution is not assured. In an effort to establish conditions under
which we can insure the existence of a solution satisfying the Stackelberg
strategy, Chapter 3 will examine a very basic form of the Stackelberg
strategy for dynamic games and sufficient conditions for the existence of a
stabilizing solution will be developed. We restrict our attention to a
formulation dealing with a linear continuous time system and in which the
control laws are constrained to be linear state feedback. For this class
of problems we are able to rely on the concepts of linear algebra to analyze
the interaction of the individual decision maker's controllable and observ-
able subspaces. By so doing we establish sufficient conditions under which
the existence of a stabilizing solution can be assured.

Another form of the Stackelberg strategy will be seen in the
remaining chapters, entering into the design of an information structure.
The problem considered is one in which there are many controllers acting

on a system where each controller has a different objective and their controls

[ 2 S |

[y

»

$ o

$ e

gy ————— '1
. . N




i are determined according to the Nash equilibrium strategy. An example

o
.

demonstrating the impact of the information structure is considered in

Chapter 4. This is an example of a situation in which the availability

P -

of more information to one of the controllers has the effect of making

that controller worse off, The demonstrated impact of the information struc-
ture in the example serves as motivation for the information structure

design scheme of the next chapter.

In Chapter 5 we consider the design of an improved information
structure by a somewhat unsuspected use of the Stabkelberg strategy. An
iterative procedure is developed by which the information structure is
altered to improve the overall system performance. The advantages inherent
in the precedence nature of decision making under the Stackelberg strategy

will be seen in this formulation.
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CHAPTER 2

SAMPLED DATA EQUILIBRIUM STACKELBERG COORDINATION

2,1, Introduction

In this section, we consider the problem of formulating a
hierarchical control structure for a multicontroller problem using the
differential game concept of an equilibrium Stackelberg strategy. It is
assumed that in general each agent has a different objective function and
that one agent, the coordinator and Stackelberg leader, has an overall
objective function.

There have been numerous investigations recently into the useful-
ness and characteristics of the Stackelberg strategy applied to dynamic
systems [1-11]. In particular, the use of the Stackelberg strategy for the
coordination of many agents has been considered in [4] and [ll].

A form of periodic coordination has been considered by Chong and
Athans [12] in which the vertical communication in the hierarchy is con-
strained to be periodic. Our basic assumptions are different from those of

[12] and subsequently the nature of the solutions are quite dissimilar.

With a Stackelberg strategy, we assure it is known that one player,

the coordinator and Stackelberg leader, will determine his controls before
any of the other players (followers or lower level decisionmakers)., The
lower level decisionmakers then perform their optimization subject to their
knowledge of the coordinator's decision, that is, they are rea:ting to Lis
decision., The followers act simultaneously and we consider the case when

they play a Nash strategy among themselves, The leader performs his

optimization subject to the expected reactions of the followers. The leader's
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ability to make decisions first, taking into account the reactions of the
lower level decisionmakers, enables him, to a degree, to impose his
criterion onto the other controllers.

This strategy is appropriate for imposing a control structure
on a problem in which there are many decision makers with different
criteria unable or unwilling to cooperate in their decision making process
and in which a hierarchy of decision making already exists or can be
imposed.

The solution of the closed loop Stackelberg problem generally
depends on the length of the interval over which the problem is defined as
well as the state of the system at the initial time [8]. Implicit in the
solution is a guarantee by the leader that he will not deviate from his
announced control rule, 1f the problem is redefined on a subinterval of
the time interval of the original problem, the solutions on this interval
would in general be different. Thus, the principle of optimality does not,
in general, hold.

The feedback Stackelberg strategy is defined as a closed loop
Stackelberg strategy which has the added constraint that the leader's control
is required to satisfy the principle of optimality [8]. Generalization to
equilibrium Stackelberg strategies is introduced in [7]. Further discussion
of the Nash and Stackelberg strategles for dynamic games can be found in
the references.

The open loop, closed loop, feedback and sampled data Stackelberg
strategies exhibit notably different characteristics due to the fact that

they are based on fundamentally different problem formulations., In order




to see the motivation and significance of the sampled data formulation it ‘vi
is necessary to appreciate two particular aspects of the continuous time
Stackelberg problem.

First, as described above, the solution of the closed loop s,

Stackelberg problem for dynamic games does not, in general, satisfy the

principle of optimality. The imposition of the principle of optimality for !1‘
discrete time games has been considered in [8] while the procedure for doing -
this for continuous time games bas yet to be resolved. [‘.

A second peculiarity of the closed loop Stackelberg problem is i'

that, unlike the classic single agent, linear quadratic control problem, or
even certain multicontroller problems, the necessary conditions derived by
the variational technique for the linear quadratic, continuous time, closed

loop Stackelberg problem result in a nonlinear control, the existence of k*

which is not assured [6], [16].

With these aspects of the continuous time Stackelberg problem in
mind, the significance of the sampled data formulation is apparent. That lr
is, the resultant control laws are piecewise continuous linear time varying
functions of the measurements for the linear quadratic case and, as we have

formulated it, the principle of optimality holds at the sampling times.

T gy
. '

Recent work on the Stackelberg strategy for continuous time dynamic

systems has concentrated primarily on the open loop formulation [4] and on

the linearly constrained closed loop formulation [6]. For the linear

.| 2

quadratic case, the open loop solution is a linear function of the initial

condition and the solution in [6] is linear by construction but the

-3

principle of optimality does not, in general, hold. The linear form of the
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sampled data solution is a direct result of this information constraint and
is not due to any structural (linear) constraint being imposed on the form
of the solution.

By considering the sampled data formulation we have been able to
obtain a responsive state feedback solution, which is tractable, has a
very simple form for implementation, and for which the principle of optima-
lity holds at the sampling times. Of equal importance is the existence of
an efficient algorithm for the calculation of this solution. In this chapter
we derive a computationally efficient techmnique for obtaining the solution
for the linear quadratic sampled data equilibrium Stackelberg strategy.
The solution algorithm tends (i) to minimize the on-line computations and
(ii) to take advantage of the nature of the sampled data solution to greatly
reduce the horizon over which integrations must be performed, thereby
reducing off-1line computations as well. These features are obtained as a
result of employing a form of invariant imbedding [13].

In Section 2.2 we formulate the problem and present necessary
conditions for the solution, The linear quadratic case will be considered
in Section 2.3 and techniques for the solution of the linear quadratic case

will be discussed in Section 2.4, Section 2,5 summarizes the results.

2.2. Sampled Data Equilibrium Stackelberg Formulation

Consider the system

ke I(x,u,;1i=0,1,...,m), x(to)-xo, (2.1)

i’

ri n
u,eR °, x€R , where r

L is the dimension of the ith control vector. Each

i

lower level control, u,, for i=]1,...,m, is chosen to reduce as much as




possible the scalar index

te

3 -Kif(i(cf)) +) Ly (x,u38 = 0,1, .. ,m)de. 2.2)
[]

The coordinator's control, U, is chosen to reduce as much as possible

the scalar index

e

I =K g (x(tg)) +J; L, (x,u ;1 =0,1,...,m)dt, 2.3)
[o]

The terminal time, t_., is fixed.

£

The information is assumed to be in the form of sampled data
acquisition, that is, measurements are taken at r discrete instances in
time €ti€[to,tf),i-0,1,...,:-1}. The controls will be functions of time
and the latest state measurement, i.e., “i'ui(t’xj) for tj$t<tj+1, for
all i, where xJ Ax(l:j).

The leader will calculate and announce uo(c,xj) for ¢ &[tj,tj+1),
and j=0,1,...,r-1 at the beginning of the game., This control is chosen
to minimize the leader's performance index under the assumption that the
followers will in turn be minimizing their respective performance indices
subject to the announced leader's control, and subject to the requirement
that the leader's control remains optimal for any game starting at tj’
j=0,1,...,r-1. The controls are calculated based on the assumption that
future measurements will be available at tes k=j+l,...,r-1.

In contrast to the single controller case or even certain multi-
controller strategies, the Stackelberg controls including sampled data

closed loop control do not in general satisfy the principle of optimality

(8]. In this section we derive necessary conditions for sampled data
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equilibrium Stackelberg strategies whereby the principle of optimality is
imposed at the sampling times tj, j=0,1,...,r-1.

%
: Let the optimum costs to go at time t, be denoted by Vi(x(tj),tj),

j
; i=0,1,...,m. Imposing the principle of optimality we have
t .
* * 23+l
Vi(xj,tj)-m\i;n{vi(xj+1,tj+1)+{ L, (x,u 5k =0,1,...,mde} (2.4)
1 j
where

| *
{ Vi(x(tf),tf)-l(if(x(tf)), i=0,1,...,m (2.5)

and where the minimization with respect to u, in (2.4) is subject to the
system constraint and to the minimization being performed by the other
controllers according to the strategy outlined in the preceding paragraphs.
i Note that the optimizations of the future periods are imbedded in the term

Also notice that at sample time t,, all controls from t

%*
Vi(®54108540) j j
through te will, in principle, be calculated and that they are independent

of any control action prior to tj except for the effect of xj. So, by the
l nature of the problem formulation, the solution will satisfy the principle
k of optimality at the sampling times. This aspect of the sampled data
formulation is analogous to the feedback formulations of [8], or the
equilibrium formulation [7].
The variational method is applied to (2.1), (2.4), and (2.5), to

obtain the necessary conditions., These conditions are an extension of those

derived in [1l1]. The necessary conditions for the followers on [tj’tj-o-l)

for i=1,...,m are

i-f(x,ui; i=0,1,...,m), x(tj)-x (2.6)

3
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o r g " 2 - ” o "
10
! v
ﬁ .. _i o (t )' . V’_(X(tj+1).tj+1) (2 7)
i ox 1Y i+l ax(tj+l)
0= ii- ' 2.8
Bui 2.8)
where Ef
Hi(x,pi,uk;k-o,l,...,m) -Li(x,uk;k-o,l,... ,Mm) +pif(x,uk;k-0,l,...,m). E
2.9)
The necessary conditions for the leader on [tj,tj+1) are Ir
. * 2 % i
ime o eyt avo(::ti+1)’cj+1) CEyeer o ® ) ) )
’ 1 - A
ox I+ (tj+1) kel k* j+1 ax(cj+1)2 2.10)
f
' PO
v _o + . - .
Yi.- api s Yi(cj) 0, i 1’-..’m (2.11) i .
where Yi(cj)=-%323Yi(t) for Yi defined on the (j-l)st interval [tj-l,tj) .
Yi(t;) -Yi(tj) defined on the jth interval [tj,tj+1). }J
M !
o ]
Sx—.o (2.12) l'
o
[
3‘1—1.0’ i.l’coo,m (2.13) )
where !J
Ho(x,)\,pi,Yi,Bi; i= 1,2,...,m,uj; j=0,1,...,m) -Lo(x,ui; i=0,1,...,m)

Equation (2.13) and the constraints appended under the summation
sign in (2.14) are due to the leader taking into account the reactions of

the lower level decisionmakers, The solution conditions on the Bk are

m aHk auk ﬁ
+ h'f(x,ui; i-O,l,...,m)+k§1{Yl'((- aT)"FBl'((?k)'}. (2.14) "




implicit in equation (2.13),

] 2.3. The Linear Quadratic Case

Assume the system is linear

m

X = z
X = Ax + i-OBiui (2.13)
x(t)) = x (2.16)
i and the criteria quadratic

e m

al J l'. ' z
3, le(ifxlc-t 2{ (x'Qx+ ZquiRy u)de.  (2.17)

£

The necessary conditions for the lower level controllers for
t e[tj,tj+l) and i=1l,...,m are

' *

‘> -1
ug =Ry 4BiPy. (2.19)
1[ The necessary conditions for the leader are
Is k--QxA}'*'leii
* (2.20)
. A (e - BVO(X(t._H_l) ,iii]-) } %Y'(t- y a v (X( J:"l)’tj‘.'l)
| i+l ax(ty,y) i=1'1 %541 .
: . .
’ Yy =AYy =S, Py tSh V() =0 (2.21)
-1
U5 = Ry, 0% (2.22)

ovnmand
*
-

where

ey pey
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A -1

)
{ = Biki,iB

s i

1 -1

N
P

= Blo
J,1

S Biki

During each interval, the state will evolve according to

. m
X =Ax - .2 S

(Z/5:p; = S\ (2.23)

for t.e[tj,tj+1) where x(t,) is determined in the previous interval.

3
If the state measurements are made at r discrete instances in

time, we are faced with an (r+l)-point boundary value problem. At this

stage, there are two alternate approaches we can take to the problem. The

first and standard approach starts by assuming an explicit functional

dependence of the costates on the state. This results in a set of coupled

matrix Riccati equations which must be solved repeatedly at each sample

time., A general algorithm for the efficient solution of these equations for

each new set of boundary conditions will be outlined in the next section.

We will also consider an even more efficient approach utilizing invariant

imbedding [13,14]). It is based on an assumption of the functional dependence

of the state and costates on one another and of their explicit dependence

on their respective boundary conditions. This result will be shown in

detail,

2.4, Solution of the Linear Quadratic Problem

The first approach to dealing with the r+l point boundary value
problem starts by assuming that the costates depend on the states by affine
functions. The affine dependence, rather than simply linear, is necessary

8o that the lower level decisionmakers will be able to calculate their

PSP A b i
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controls as functions of the leader's announced control, i.e., their compu-
tations will be coupled to the leader's sequentially, not simultaneously. 1
Differential equations can be found for the coefficients of these

functions and for the associated costs to go. If m i{s the number of con-

trollers, the problem can be reduced to that of solving m coupled matrix

Riccati equations and m matrix Lyapunov equations at each sample time, all

with boundary conditions at a common time, The same set of equations are

i resolved at each sample time with only a change in the boundary conditioms.

A sampled data Nash formulation has been considered by Simaan and Cruz [9]

‘ and a computational technique for the solution of the resultant Riccati

1 equations has also been obtained [10]. We have obtained a generalizatiom

i of [10] in which the solutions of the Riccati equations are expressed in

i terms of a preliminary solution due to a specific set of boundary conditioms
and a correction term dependent on the actual boundary conditions., An

l algorithm is found for finding these correction terms requiring the solution

l of m uncoupled matrix Riccati equations, thus providing substantial improve-
ment over a brute force solution of the coupled equations.

é ! With the first technique, we assume that the cost to go functions

are of the form
v (t:)-(-!'-x'E x+e,, 'x+q,.)]|
11 2 1i 11 1i7'e

1
vz(t) = (3 x'E2x+ eix+ qz) | ¢

in which case, the boundary conditions in (18) and (20) are

p;(t. ) =(E,;x+e ﬂ
1Y 75+l .11 1i tj+1
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P |
= -z
Megyy) = (Byxtey - 2 By Yl
j+l
As is conventionally done in solving the two point boundary

value problems in optimal control, we assume a functional dependence of the

costates on the state. An affine dependence is assumed due to the nature

of the Stackelberg problem. Thus we assume
Py Kyyx+8yy
Yi'K3ix+331 (2.24)
A= sz +8y.

By differentiation of these equations and from the equations of

section 3, we find that the K matrices and g vectors must satisfy

m
Ryg =-Qy ~A'Kyy =K AR (B8 Ky 48R LKy () =B (60 )
m
Byg = -A'E)s + Ky [4E)S) 381y + 508y hey (85 0g) =Ry (E )
. m m
Ky = Qy ~A'Ky ~KpA+ F10) Ry, +K) (Z) 8K}, +K;5)K,
m
Ry (£ 54 =By (i) = ZiPyy (B0 Ky (81 0)
m m

O maSA' z z
8y =-A"gy) +Ky 12 514811 +K 5,8 +21Q)4854
m
B (Ep) =Pp(Eypp) = 1E1Py 5 (By0))8a3 ()
m

mAK. . < K. A - >
31 =AKgy ~RggA =Sy 14Kyy +814K + Ky 521 815515 K315

m
:  eAg.. - >
Byg =AByy =Sy 11 +5148) +Kyy (2514815 +5,8,]

+ +
Ryg (€ =0, g3, (") =0 (2.25)

K

The coefficlents in the cost to go functions must, in each

interval, satisfy the following equations
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T - - At -N!

1 Eyp = -EygA-A'Ey oWy

.. m
é..=-A'e  +2E, . [.Z.S, .8 .+5,8,]- 12 (2.26)
i 17 Rt y=1"13815 T 228207 284 .

}. - 1.3

41 = (E1814515+855)0P -7y
| Bpa(fe) =Kipr g3t =0, qp,(eg) =0
~ E, (t;,,) =E, (tT ) t. ) =e,, (¢
_g 11540 "By (Bgp)s e (g =gy (B500)s
- +
x Ay (C5q0) =ayy (tpy)

and the A, N{i, }=1,2,3 are known in terms of the previous solution of

! (2.25). Equations of the same form are also satisfied by the coefficients E,»

e,, and q,- The assumed dependence of the costates on the state, equation

2
(2.25), results in a set of equations which, unlike the conventional optimal

H control problem, are themselves a two point boundary value problem. This
[
is a result of the leader appending the two point boundary value problem

i- which results from the followers' optimizations., So, we assume an explicit
l' dependence of the solution of the Kqay and the g4 OO the solution of the

- Kli’ 814 Kz and g, in order to reduce these equations to a solvable single
‘. point boundary value problem., Thus we assume ,

' :
I’ K33 ®Fas 2K+ 521 Fag, 15503+ Fagle

* m

z

I- 831 " Fa1,28 + 521F31,158

Notice that the same coefficient matrices appear in both equations. This,
it turns out, is sufficient to obtain the desired dependence. The differential

equations that these coefficient matrices must satisfy are
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. % +
= ' - =
Fig,0 AF3;5 2+ F3y oA #5145 +F34,45 “Fay,2 521 Y 5F35,20°Fay 2 () =0
) * m
: - - >
Fag, e ™AF3y 1t Fag, i’ +F3 4510 " Fay,2 y21 QFae, 10 L FEK
m

A'+F

Py e ™AF33 1 +Fag 1 1=k

- T -
31,651k " Fa1,2 551 Uy Fag 1k " 52, 1

+
Fag, k() = 0
m

L - 2 + =
AT+ Fay 9% ~Fay g o1 QyFs4,4+F34,1530F34 4(t5) =0

F = AF +F3i,4

3i,4 3i,4

These equations are solved once only, and for a period of one sample
interval. The solution is then used repeatedly during each sample interval,
plugging into equations (2.25), converting (2.25) to a single point boundary
value problem in which only the boundary condition changes between sample
intervals.

Having done this, we are now at a point where the solution is
expressed entirely in terms of equations of the following general form of

the coupled matrix Riccati equations

4 y)

xj 1 j1<j+1<JA2 j+k21'1‘j kKk+K = j kKk+Q
P (R)
Kj(Ti+1); known i=l,.eesk

where £ is the number of coupled equations. These must be solved repeatedly
with changes occuring only in the boundary conditions.

The final step for this technique of solving the sampled data
problem is to derive an efficient technique for the repeated solution of

coupled equations of the form (R). What follows is a generalization of [10]

and [15].

e v

$romsd

= T

S04




The approach taken is to express the solutions Kf, corresponding

to the actual boundary conditiohs, in terms of a solution ﬁ; which

corresponds to some other arbitrary, known boundary conditions. Equations

for the correction terms are found and a sequence of steps leads to a

solution which requires £ uncoupled matrix Riccati equations to be solved

each time and some auxilary equations must be solved once only and over a
period equal to the sample interval, The details follow.
Define

L ok 2b-l
Zj = [Kj Kj]

then

g L O anan s

»

L2 L,-1
Kj Kj + (Zj)

Differentiating, we find

e B
[ 97
[ Y
=
L
e

e

where
I Kf - (-Af,j kle_’f R
{ e} 4 (-if D”,k -t} o
Hf,k 4 -Df’k i
I‘ 1f we define the term Ji
i kit 4 (zf)'lzf , 3ml,2,...,4e1

[ ] [ ] eiigii..§
. .

.
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differentiation yields

-1 _, 4=L &-1  4-1 4-1 s -1 d- -3 - - -1
Kj Al’}l(j +1<j Az,j"'k-lTj,kKk +1<j kale,kKk +Qj ;

- p) -1
Ky (e ) =125 I 2

where

= A

£=-1 4
L,j "1j

L, &
(-Al +Gj ,l,)

1
j
2-1 £
= -G,
i,k i,k

4-1 4
DY . = 4G
i,k

= - £
Qy )

So, the solution of the Zf equations can be obtained once the Kf-l equations

are solved. However, the solutions for the original equations, K; are

expressed in terms the (Z?)-ljsl,...,ﬁ and, given (Zﬁ)-l, the remaining

(Zf)-l for j=1,...,4-1 are known in terms of (zﬁ)'l and the K;‘l,

j=1,...,4-1. TFor each i, i=1,...,4, the term (Z:'.).l satisfies

i
1-1_ .1 i il gl fo-li i1
-] E6 K D ED T e TR - @)

[kél 1@
(zi(tj+1))-1 - Ry - ﬁ:.(tj+1)]

£-1

j H

are of the same form as the equations

£
j’
j=1,...,4-1, The equations in K

Thus, we have the K, j=1,...,4 known in terms of (Zf)'l and the K

i=1
b

in 1(z and so the technique is applied again and is done recursively until

i

we reach Ki. Notice that at level i of the recursion only one equation, in

‘
i
H

M Mt Lok

- = ot

| o S St Y -




(Zi)-l, need be integrated.

i

In summary, once the preliminary solutions, Ki, are found, the

3 desired solutions Ki are obtained as follows;
; solve for (Z;)-1
-' 1 Al 1.-1

Ky =k + Gy

solve for (Zg)-l
2,-1 1,2 -1

@) =k] (25)

2 52 2.-1

Ky =Ky + (2

2 52 2. -1
aK
Kl 1+ (zl)

solve for (Zg).1

2..3,-1
=K1(Z3)

+ (zg)'l

@Ht
@t
& =&
=k + @

3 3 -1
K 1V

r;

n
K

a3
=K} + (2

solve for (ng)-1
£ £-1, 4 -1
; )

L
! 5

-1
) = K|

ap 4.-1
Kj+(Zj)

¢/

j-l,ooo,z-l

j=l,..0,4

So, in this first approach, the sampled data Stackelberg problem

is reduced to the solution of a set of 4 coupled matrix Riccati equations,

each of dimension n, which must be solved at

change in the boundary conditions.

each sample time with only a

The solution of these equations for
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any boundary condition is then found to be expressible in terms of the
solution of an auxiliary problem. The needed correction terms require the
solution of £ uncoupled matrix Riccati equations of dimension n, at each
sample time. Considerable savings in computation will accrue if there are
a large number of samples, which is typically the case.

2.4.1. The Second Approach: Invariant Imbedding

The ultimate goal when deriving the solution technique is to
minimize the amount of computations required by taking advantage of the
fact that the equations to be solved are the same in each sample interval
and only the boundary conditions change.

The derivations performed in the remainder of this section will
proceed as outlined below. First we define more compact notation, grouping
the state and costates according to their boundary conditions. We then
assume an explicit functional dependence of the costates on the state and
on the costates' boundary conditions. Due to this assumption, the solutions
of the resultant equations are independent of the changing costates'
boundary conditions and it is because of this independence that we are able
to obtain the computational savings. The cost to go equations are derived
since they are needed to generate the appropriate boundary conditions to
plug into the solution functions., A functional dependence of the costs to
go on their boundary conditions is also assumed and finally the boundary
conditions for each interval are established in terms of those in the
adjacent interval. The details of the derivation follow.

Rather than making the standard assumption of a functional

dependence of the costates on the state alone as in the first approach, we

coT - T T .
TR

.~ p— - -

=t

m s T T e e

ey gy
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will make a different assumption. Notice that on the interval [tj,tj+l),
the costates p,, Vi, equations (2.18) and A, equation (2.20), have
boundary conditions at tj+1. The costates Yi’ Vi, equations (2.21) and the
state x, equation (2.23), have boundary conditions at tj' For convenience

of notation, let us group the state and costate vectors according to

boundary conditions as follows

5 & x
A N 2L | I M ty Y
RO R Ul

Now equations (2.18), (2.20), (2.21) and (2.23) can be expressed as

11 A 0 413 4

d

ic | ¥ = 0 A22 A23 Y, (2.27)
Y3 Ayy Ay Ay Y3

where the Aij of (2.27) are appropriate concatenation of the Q, A and S

matrices of (2.18), (2.20), (2.21) and (2.23). In each interval [tj,tj+l),

the vectors Y1 and Yy have boundary conditions at t, and the vector A has

h|
boundary conditions at tj+1'
+
Yz(tj) =0 (2.28)
— - - 2 )
N ov! g 3 A Ly
--- byl i=l ayz i
- Py S S
y3(tj+1) = = (2.29)
M ]
oy
Py .1
I .
]
avm
%, -
- _ j+l
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where yz(t;) eyz(tj) defined on the interval [tj’cj-i-l) and y3(t3+1)e

lim y3(t).for y3(t) defined on the interval [tj,t

=t

j+l)‘
1t is in the next step where we deviate from the standard

approach. We will make assumptions of the functional dependence of the

costates on the state and on the costates' boundary conditions. In so doing
we will be able to solve for these functions independent of the costates’
boundary conditions.

For t e[tj,tj+1) aSSumel

y2(t) 'Fl(t)yl(c) +F2 (t)yz(tj) +F3(t)}'3(tj+1) (2.30)
and

¥3(£) =61 (E) (£) +6, (£)y, (E) +G3(E)y5(ty y). 2.31)

By differentiation of (2.30) and (2.31) and by substitution of (2.27), we

find2

Gy =Ay) +A336; = G1A;) = GiA136; ~GyAy36), Gp(Ey,)) =0 (2.32)
Gy =Agy #8356, = G1A1 30y = Ghyy =Gyhy16ys Gy(ty ) =0 (2.33)
6;3 = (Ry3 = GjAy3 = Gphp3)Cs, Gy(t y) =1 (2.34)
Fy= (Agy +A0365)F) ~Fi (A +A)461) - FiA) G F) +4,46,, Fy(e,) =0 (2.35)
i'z =AyoFp +hg16,F, = F 1Ay 4G,F), Fy(t) =1 (2.36)
Fy= (Ayy +8,46) = F1A146))F 3 +A4,4G, - F1A) 164, Fo(ty) =0. @2.37)

lThe dependence of y3(t) on yz(t) instead of yz(c ) results in simplified

computations,

3

2All matrices are evaluated at time t unless indicated otherwise,
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Since yz(tj) =0 and by substituting (2.30) into (2.31) we have

Y2 (£ =F ) (£)y (£) +F3(E)y (e, ) (2.38)
y3(t) =Gy (£)y; (£) +G3(B)y5(ty ) (2.39)

where Gl=Gl+G2F1 and G3-G3+GZF3-

. For t ﬁ)[tj,tj_H) assumel
¥ (8) -Hl(t)yl(tj) +H3(t)y3(tj+1) (2.40)
by differentiation of (2.40) and substitution of (2.27) and (2.39) we find
Hl- (A11+A13GI)H1, Hl(tj) =1 2.41) °
H3 = (A11+A13GI)H3+A13G3, H3(tj) =(Q. (2.42)
If the system (2.15) and the criteria functions (2.17) are time invariant and

if the sampling rate is constant, that is if (t -t,) =T =constant for all

i+l 7j
j, the equations (2.32) through (2.37), (2.41) and (2.42) will be the same
for each interval. Then, since their boundary conditions are invariant,
these equations will have to be solved only once and the same solution will
be valid for every interval [tj,tj+l), j=0,1,,..,=1.
2.4.2, Boundary Conditions and Cost To Go Equations

The boundary conditions for the costate equations on the jth
interval [tj’tj+1) are known in terms of the costs to go at the end of the
interval, (2.7) and (2.10). Therefore, for the purpose of obtaining the

costates' boundary conditions, we must first derive the cost to go equations.

First, substituting (2.19) and (2.22) for the controls and with the form of

l‘Bet:.ause (2.30) and (2.31) reduce to (2.38) and (2.39), the dependence of

yl(c) on yz(tj) need not be assumed.
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the solution for y3 as in (2.39), recalling that y3e(}" . pi . eee s pl;l)',
the integrands Li of the criterion functions can be written

m
Y Z aliyr 1¢
Ly =7 {x"Qux+ jZqu' Ry ju) =3{91Qyy, +¥38,¥,)

and for t é[tj,tj+1),

Liyrs 5 3
Ly =3 1y155071 +Y3 (00 S oYy (i) #9718, 393 () (2.43)

where all variables are evaluated at time t unless indicated otherwise, and

where
= g T = i
S11 79 +615,6; “
- -'§ -—
: 512 %63%163 :
S
S13768,C; :
and L
— — .
514 0 L
~ A
§; = Si1
' i
_O im_J i

Due to the assumed explicit dependence of the costates, y3(t.) on

their boundary conditions in each interval, we must make a similar assumption
for the form of the cost to go equations so that they will also be independent
of the changing boundary conditfons, That is, for the interval t é[tj,tj+1)
we define the function

41 ' - 1 -
Vi (6),8) & F(y(6) 'y ()Y (8) +y5(E ) Cpp(E)y (E )]

+ 7, (8)'Cy4(E)y4(Ey ). (2.44)
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When evaluated at tj, with the controls in the interval [tj,tf) being the
optimal controls defined according to (2.4), this function is then the
optimum cost to go, denoted V:(yl(tj)’tj)‘ By (2.44) we see that on the

interval [tj,t the cost to go is not only quadratic in Yy but also

412
has a quadratic term in y3(tj+1) and a cross term in yl(t) and y3(t

PFRRE
From the relationship between the costs to go (2.44) and the

integrands of the criteria functions (2.43), the differential equations of

the coefficient matrices in (2.44) are found to be

- = - - " - Al

Ci1 ™ “S41 ”~ Coidn “ AR 2.45)
- = =S - 9Bt

Cpp = -5, = 2A],4C,, (2.46)
- = .- - A - —.

Ciz = =843 = Cy1A13 - 41103 (2.47)

where All = (A11+A13G1) and A13 =A13G3.

2.4.3. Boundary Conditions

The boundary conditions for the last interval, that is, at the

terminal time, tf, are
Ci1(tg) = Kyg
Ciz(tf) =0 (2.48)
013(tf) = 0,
We must also establish appropriate boundary conditions for the remaining
intervals. The costs to go must be continuous and therefore

- +).

V0 (68 = V() ()] (2.49)

Since the cost to go equations are integrated backwards, we are trying to
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establish the Cik(tg) in terms of the Cik(t:';) at each j, for each i, and
for all k, k=1,2,3,

Let us choose

cn(:;

Cy5(t3) =0 (2.51)

)=0 (2.50)

3

for all j and for all i. So now we must simply find Cil(t ) in terms of the

i)

+
Cik(tj) for k=1,2, and 3.

-t [
@
i

Due to their interrelatedness, we must simultaneously consider
]
solving for the boundary conditions y3(t5) from (2.18), (2.20) and (2.44) l:

and solving for the Cu(tg) in terms of the Cik(t';), k=1,2,3, from (2.49). i

To minimize the required computations, it is advantageous if

y3(t) is broken up

1
Y3 A -ﬁ-
vy & |- =] 8, |- 2.52)
2 -
Y3 .
—m—

The derivation of the boundary conditions for the jth interval

[cj,tj+1) proceeds as follows. From (2.29), (2.44), (2.50) and (2.51)

o
.
o M ey e

‘n
) - €21 E
y3(t) = | ¢ Y1 () (2.53) - |
fmb t3+1

- /= &3

R O
S VA A
A x'%m ERR AL
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l - -
¥3(E541) = [CYy = C(F 1Y) +F3y5)] It-

. i+t (2.54)
. .= 1.1, .22
[cmy1 C(F1y1+F3y3 +F3y3)] ,t'
J+1

-’ ' . ' . . ’ . = 1- 2
where C [C11 : C21 <ol s lel and where F3 is broken up into F3 [F3 . F3]

with F; and Fg having dimensions which correspond to y; and yg. By substi-

tuting (2.53) into (2.54), equation (2.54) becomes

1,- < Ll = o
¥3(ty41) = [Coyyy ~C(F Y +F3y3 +FC'y D

j+1
so (2.55)
1, - -1 -1 - 2=
y3(ty,p) = [ +TFy) (Cop - CFy +FC* Ny 1]
t.
j+1
Combining (2.53) and (2.55) defines Dj+1
Y3(t3+1) ng+lyl(tj+l) (2.56)
where
=1, -1 - 2=
(I +CF3) (001 - C(F1+F3C'))
Dj+l B | emcccacssscascacswmenstcnanns . (2-57)
E!
i+l

By breaking up y, as in (2.52) we need only invert a matrix of dimension n,
3

. Otherwise we would have had to invert

the system dimension, to obtain Dj+1

a matrix of dimension n(m+l).

To find the Cil(tj+l) we also need a relationship between y3(tj+l)

and yl(tj). That is, from (2.40) and (2.56) we can find

¥a(ti,) = By (e) (2.58)
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where
By =Dy (T-Hy(ep,) "al(:j+1). (2.59)

So, from (2.44), (2.49), (2.50), (2.51) and (2.58)

ch(t;) - cil(t;') +E3012 (t';)Ej + 2013({;)15j . (2.60)
We now have all of the required boundary conditions. The cost to go boundary
conditions are (2.48), (2.50), (2.51) and (2.60) and the costate boundary
conditions are (2.56) or (2.58).

2.4.4, Solution of the Cost to Go Equations

In each interval, we do not need the cost to go for all t E[cj,tj+l)
but rather we only need the value at the initial boundary, i.e., we only
need to solve for the Cik(tj) in terms of the Cil(t3+1)'

The cost to go equations, (2.45) through (2.47), are the same for
each interval and only the boundary conditions change. In order to avoid
resolving these equations in each interval, we will assume a functional
dependence of the cost to go matrices on their boundary conditions, similar
to the technique used on the costates, Since the cost to go equations are
linear, we can find such a functional dependence. It will be independent
of the changing boundary conditions and can therefore be presolved. The
solution of the function will be valid for each interval.

For notational convenience, we will "'stack" the columns of the cost
to go matrices so that the matrix equations (2.45) through (2.47) can be

written as vector equations, Let Eik be the vector corresponding to the

matrix Cik' Define ey as

Pt pun gt

oy

! s |

sum—r 1
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(2.61)

Then (2.45) through (2.47) can be rewritten as

5 =A1c1+bi (2.62)

where the matrix Ki and the vector gi are known from the coefficient

matrices of (2.45) through (2.47). We can now solve for the functional

dependence of the solution of (2.62) in the jth interval on the boundary

3410 126540 +1)

need only assume dependence of the solution on Eil(t3+l)’ i.e., for

Actually, since ¢ = (0 and ci3(tj

condition Ei(t =0, we

teft ) assume

375541
Ei(t) = Mi(t)zil(tg_’_l) +di(t). (2.63)

From (2.62) and (2.63) it follows that

I

Mi = AiMi’ Mi(tj+l) = |- (2.64)
0
di = Aidi + bi, di(tj+1) =Q (2.65)

where the dimension of the identity matrix in M(tj+

1) is the same as the

dimension of ¢y1
1f the system is time invariant and if the sampling rate is

constant then (2.64) and (2.65) need be solved only once over one sampling

interval, In fact, only the value of Mi(t;) and di(t;

~ 4+
we only need ci(cj

) need be stored since

j+1). That is

) in terms of cil(t

o —————- g, T T AW e e ni  a

v — ee ey . em— -




PO

[ ror B et

30

!

~ o~ - + Z

Gy (£ = M (DT (e7, ) + 4y (E]) (2.66) i§§

. . |

where M, (t) and d,(t;) are the same for all j. i

Due to the relationship (2.63), we will not have to solve the i

[ st

cost to go equations (2.45) through (2.47) repeatedly for each sample

interval but need only plug into (2.66).

{ = rd

2.4.5. Summary of Algorithm

We will now summarize the required calculations in the following

Moy
[ H

flow chart. The major steps and reference to the related equations are

L. -

given in the order in which they must be computed.

All integrations are performed over only one sample interval if

,_.__<,

the system is time invariant.

integrate (2.32) through (2.37)
to find the G and F matrices

[j
7 " i

integrate (2.41) and (2.42) integrate (2.64) and (2.65)
to find the H matrices to find the matrices Mi(t;)
and the vectors di(t;)

+ +
| Recall that M, (£]) and 4, (£])

lare invariant with respect to

'j for a time invariant system

e e - - — = __
l Going backwards from j=r-l to j=1, beginning with the known
cil(tf) from (2.48), the following calculations must be done for each j in

order to obtain the boundary conditions for each interval.
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—

Given Cil(tf)

i

j=r-1

. Calculate Dj+1 from (2.57) and

+
Cik(tj), k=1,2,3 from (2.66)

-

From (2.59), find Ej from D.+

j+l i

Increment j
by -1

N

+ .
- Using Cik(tj) and Ej’ glug into
(2.60) to obtain Cil(tj)

I JL

The sequence 1s repeated !

until we have Cil(tf) |

—— —— s cv— e w— — mas

R e

2.4,6. Implementation

The controls can now be implemented forward in time., They are

)
.

found by (2.19), (2.22), the definitions of Y3 i.e., y3"(h' 5 pi . eve s p;)',

and y; =x, and the evolution of y,(t) in each interval, t&[ty,c ) given
by
y3(t) = P(t)y, (%)) (2.67)
where T
P(t) = [El(t)(}ll(t)+ﬂ3(t)Ej)+E3(t)Ej] (2.68)

which is derived from (2.39), (2.40) and (2.58).

L T I B s B 2 e

. A et e Attt S e e ot - - F e —
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If P(t) is broken up as
—
%

-
(t)

P(t) =

where each block Pi(t) is n by n, then the ith control during the jch

interval is
u,(t) = =R 1B!P, (£)x(E.)
i 11511 i’

As outlined above, there are a number of equations to be
integrated, some of which are of large dimension. These integrations, how-
ever, are done once only and are performed over a period equal to the
length of only one sample interval. Thus, as the number of samples taken
increases, the computational burden is reduced. Computationally the only

limiting factor which prohibits us from allowing the length of the sample

j

intervals to become arbitrarily small is the corresponding increase in the
number of matrix inversions which must be performed at the sampling times
in order to generate the required boundary conditions for each interval.

That is, as the period of integration becomes smaller, these matrix inver-

sions will tend to become the dominant computational burden. The matrix
inversions present ancther difficulty since, in general, we are unable to
guarantee their existence,

2.4.7. Comparison of Techniques

The first technique discussed at the beginning of this section is

a method for converting the problem of repeatedly solving m coupled matrix




| A | —d 4

[ )

*

e ]

=

e

33

Riccati equations to that of solving m uncoupled matrix Riccati equations
providing significant computational savings. These equations, however,
must still be solved repeatedly for each sample interval with only a change
in the boundary conditions.

The second approach requires a set of linear and Riccati equations
to be solved once only over a horizon which is the length of only one sample
interval. The computational advantage of this second technique is due to
the fact that the integrations are performed over only one sample interval
which is, in general, considerable shorter than the time horizon of the
original problem.

The second approach has an advantage over the first approach due
to the fact that the equations which are to be solved in the second
technique are solved only once for a period equal to one sample interval
while the equations to be solved in the first technique must be solved
repeatedly during each sample interval. However, for a sufficiently small
sample interval it has been observed that the matrix inversions needed to
generate the boundary conditions in the second technique can become a
dominant factor, Therefore, the advantage shifts to the first technique for

the case of decreasing sample interval.

2.5. Conclusions

In this chapter, a sampled data equilibrium Stackelberg strategy
has been considered. The advantages of the formulation can be seen by
considering certain characteristics of the continuous time Stackelberg

problem, The linear quadratic, continuous time, closed loop Stackelberg




34

problem results in a solution, if it exists, in which the controls are non-
linear functions of the state. Furthermore, the Stackelberg solution for
general dynamic games does not, in general, satisfy the principle of

optimality. The principle of optimality can be imposed for discrete time

games but the procedure for doing this for general continuous time games
has not been established,

The sampled data equilibrium Stackelberg solution results in
linear control laws for the linear quadratic case. The advantage of linear
control laws is that they are quite simple to implement.

In deriving the sampled data equilibrium Stackelberg solution we

have been able to obtain considerable computational savings. That is,
rather than performing integrations over the entire time horizon of the
original problem, we are able to imbed the subproblems of each sample
interval into a more general formulation, the solution of which requires
integrations over a period equal to the length of only one sample interval.
The computational technique, an application of invariant imbedding developed
for the particular case of a Stackelberg strategy and the type of boundary
conditions peculiar to it, is quite useful for many problems, in particular

for a variety of sampled data formulations.
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CHAPTER 3

ON THE EXISTENCE OF STABILIZING SOLUTIONS
FOR THE STACKELBERG STRATEGY

3.1. Introduction

In the previous chapter we developed an effective method for the
coordination of the decentralized control of a large system by imposing a
form of the Stackelberg strategy and exploiting certain characteristics of
the strategy. The Stackelberg strategy, as considered in Chapter 2, is one of
many forms in which it might arise. Generally it is of interest either as a
control strategy to be imposed on a given problem, such as for coordination
purposes, or it may arise naturally wherever a precedence relationship exists
among the controllers.

While prescriptive approaches to the design of controllers which
satisfy the Stackelberg strategy have been developed for many forms of the
strategy, little is known about the existence of such control laws or if the
system under their control will be stabilized. In this chapter, we will
address the problem of the existence of stabilizing solutions for controller,
which are obtained according to a Stackelberg strategy.

In order to consider a simple form of the Stackelberg strategy we
will examine the problem of a linear system being controlled by two controllers
where the control laws are constrained to be in the form of linear, time-
invariant state feedback. The cost functions are assumed to be defined over
an infinite horizon. It is known [6] that in general there is no optimal
linear control law for the leader so we consider the problem in which the
leader's cost function is modified in order to average out the dependence of

the solution on the initial condition. This formulation is well posed with
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respect to linear solutions. The necessary conditions for this problem have
been derived in [6].

Our interest in the problem is in finding out if there exists a
stabilizing solution and if so, presenting conditions under which a stabi-
lizing solution can be guaranteed. This particular form of the Stackelberg
strategy, i.e., linear state feedback, is considered because ié allows us to
use concepts from linear systems theory in approaching the problem.

In Section 3.2 we will introduce the concepts needed to establish

the main result which is presented in Section 3.3.

3.2. Background

It will be assumed throughout that we are dealing with a linear

time invariant system and linear time invariant control laws.

3.2.1. Controllable subspaces

For the multi-controller case, the individual controllable sub-
spaces are not invariant with respect to feedback. For example, for the two

controller case
(A+BlFl[32) t (AIBZ)
in general, where BZAR(BZ) and where
N-1

(A|3>93+A3+---+ B

where N is the dimension of the system and R=QR(B). So the controllable sub-
space of one controller can be altered by feedback by another controller.

The jointly controllable subspace

(A[8)) +<A8,)

. e ey e -
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say, is invariant with respect to feedback. This is true for any number of
controllers.

For the two DM case we can denote

A
Ry (F,) (A+Bij|Bi) i¢j, 1=1,2

and the following is readily verified.

Lemma 3.1: For i=1,2 the subspace Ri depends on Fj’ j#i, and does not depend

on F,.
i
Thus the notation Ri(Fj)’ j#i is justified.
If we define ii to denote the space perpendicular to Ri then, for
given Fl and F2;
Ri(Fj) is the smallest (A+Bij)-invariant subspace containing

R(B,), 143, 1=1,2.
ﬁj(Fi) is the largest (A+BiFi)'—invariant subspace contained in

N(B!), 1#§, i=1,2, where ﬂ(A)étuﬂl space of A.

]
The following subspace definitions will be useful. The system triple
(A’Bl’BZ) uniquely determines the subspaces defined as follows;

R* : largest subspace # such that #CR (F,) for all F,, j#i.

i h| j
The RI can be thought of as the greatest lower bound (in the sense of sub~-
space inclusion) for the set of subspaces Ri(Fj) over all Fj' The definition

of these subspaces is invariant with respect to feedback, i.e., they are the

same whether we consider the system (A,Bl,BZ) or ((A+BlF1+BzF2),Bl,BZ) for

any Fl,Fz.

3.2.2. Criterion Subspaces

For the quadratic criterion function

o m
- ! '
Ji /,g; (vaixd-jEIuJRijuj)dt
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and the system

m
Xx=Ax+ I B.,u x(t )=x
i= o o

133

ui = Fix.

the criterion subspace is defined

(F,3i=1,...,m) S (Z'|ch + T (E'|&.D rh
§y (Fy3d=L,e.es ) 13 i A
where '
4 o -
X# (A+ I B.F }
1811Fy) i
¢ s /(c;) ;
v A v 2 :
81j R(FjRij)
c;C; = Q;>0, Rij >0, Ry;>0 1,j=1,...,m. ‘
If x € 91' xo#o, then Ji>0 (possibly infinite). We say that the subspace &
F }i is observable through the criterion function Ji' l
The criterion subspaces have the following property. .
Lemma 3.2: b
o N
F e Par
171 #1 ‘1-1&[1(1’j Leeoom (
for all FJ and where ;fg' is the open loop ﬂi with F.‘l =0, j=1,...,m.
The proof of this follows in a straightforward way from Theorem 3.6 \\
of [22]. :
|
Lemma 3.2 tells us that observability is preserved under feedback.
Another direct consequence of Theorem 3.6 of [22] is the following:

Lemma 3.3: If for some i, the R,., j=1,...,m are all positive-definite,

i3

R1j>0’ and the system is detectable through Ji g,’ i.e., the open loop Ji

when all feedback gains equal zero, then the system will remain detectable

——

o gy

through Ji (F

j; j=1,...,m) for all F

g
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If we define ;i to be the subspace perpendicular to ﬂi then, for

given F1 and F2, in the two controller case, for Rij

gl(O,Fz) is the smallest (A+BZF2)'-invariant subspace containing

=0, j#i,

&(c;)
and

J 2(l“l,O) is the largest (A+BlFl)—invariant subspace contained in
7I(C2).

The subspaces g, (F,,0) and ;l(O,FZ) can be defined similarly.

At this point, we need to be familiar with the following concepts
of (A,B)-invariant subspaces [22].

A subspace o is (A,B)-invariant if and only if there exists an F
such that

(A+BF)J/C .

If S is a set of subspaces then the supremal subspace #* of the set S is
defined as the subspace o such that+ €S and for every Je S, JEJ. If the
supremal subspace exists, it is unique.

For some subspace Q, the set of all (A,B)-invariant subspaces
contained in Q always has a supremal element. With this background we can
make the following observation.

Lemma 3.4: There exists unique J* and J* such that
—_— 1 2

- =%

3,(F|,F)) C J} for all F ,F,,
i.e.,

= 2 *
= =%
J1(FFy) €0 (0F) < gy

), I,

where ;; is the supremal (A,Bi)-invarianc subspace contained in N(C

]
i=1,2,
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Corresponding to these supremal }I are infimal subspaces ;I for

which
*
#4 Cﬂi(Fl,Fz) for all F, and F,.
A particular case that will be of interest is as follows:

1f, say, R122>0 (positive-~definite) then

3,(F,F,)) € F,(0,F,) € 2 (0,0) = J}.

3.3. Existence of Stabilizing Stackelberg Solutiomn

£ B O ey o

We consider the following problem. For the system

x = Ax + Blul + Bzu2 x(to) =X,

and linear control laws

u, = Fix i=1,2

decision maker i wants to choose Fi to minimize the criterion function

u'R, .u,)dt
J

i j=1 371373

1, 2
J,o= [ (x'qux+ T
i -
t
where

L
;¢ =Q, R>0  i=1,2, R1j>0 jéi

and where they act according to the Stackelberg strategy with DM; as the

leader [6].

It is known in general there is no optimal linear control law for
the leader so we consider the problem in which the leader's cost function
is modified in order to average out the dependence of the solution on the

initial conditions X i.e., we define

= E{J
Xq

- - e mw—— e e r——————
“ - l £ ]

3 1}
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with ,
E{xo} = 0 and E{quo} = Xo >0.

The necessary conditions for this problem were derived in [6]. The

conditions for the infinite horizon problem are as follows

-1,
F2 -RZZB

2K2 » K, = M

2 2

- - ' -
A KZ + KzA + K2822K2 + F1R21Fl + Q2 0

+ F!R

- -
A Ml + MlA + KZSIZKZ 1 llFl + Q1 = 0

-
NpA' + ANy = SpMy Ny =N M Sop + S1oMpN) + N)MiS0, = 0

- -
NlA + ANl + Xo 0

)
R21F1N2 + RllFINl - Bl (M2N2+M1N1) =0

where the last equation is solved for Fl'

We would like to answer the question: Under what conditions can
we guanratee that there will exist a solution (F*,F;) such that the resultant
system

= * *
X (A+ BlFl + BZFZ)x

is asymptotically stable?
For a given Fl’ the follower is faced with a conventional optimi-

zation for which it is known [23] that if the triple (C A+BlF1,Bz) is

2’
stabilizable and detectable, then there will exist a unique optimal F; and
that the system matrix (A+B F.+B,F¥) will be stable. So, we ask under what

11 7272

conditions does there exist an optimal F*

1
conditions will it be chosen such that (C2,A+B

and {f it exists, under what

*
1F1’BZ) will be stabilizable

and detectable?

T e

-~ — . -




Theorem 3.1: Existence of stabilizing solution.

We assume that the system is jointly controllable

N
Rl(O) + RZ(O) = R

and we assume that R,,>0 the leader has a positive definite penalty on the

12

follower's control action. If

i) The system is observable through ;1“

and
- *
) 4R/
then there exists an optimal FI and an optimal F; and the resultant closed
loop system
hpk 4 pkok
(A+'BlF1 + BZFZ

will be asymptotically stable.
Before proving Theorem 3.1, some preliminary results are needed.
After DMl applies feedback, the controllable subspaces are Rl(O)
and Rz(Fl). We have assumed joint controllability so

N
Rl(O) + Rz(Fl) =R.

Note that (A+BlF1)R2(Fl)CIR2(F1), i.e., Rz(Fl) is (A+B Fl)-invatiant.

1

Define the factor space
s N
X=R /Rz(Fl).
This space is isomorphic to ﬁl(Fl) where ﬁl(Fl) is defined as follows:
= N R
If Ro(Fl’FZ) RI(FZ) Rz(Fl) then let Ri(Fi) be any subspace such that

Ry(F,) = R (F),F)) @R, (F)  J#i.

Since X is isomorphic to Rl(Fl)’ i.e.,

N a
R /Rz(Fl) ~ Rl(Fl)
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let _
By = (B, +R)/R), B8 = &(B))
and let A11 be the map induced by A on X. Then,
Lemma 3.5:
(A, [B) = ixﬁl.
Proof: Proposition 1.2 of [22].
Now, corresponding to ﬁl(Fl) and R2(F1) there is a basis such

that the matrix (A#BlFl) will be of the form

where
Ay, = (A+ 31F1)|R2

A P = P(A+BIF1)

11

where P is the canonical projection,

So from Lemma 3.5 we see that the eigenvalues of A,. can be placed

11
arbitrarily by DMl.’
In the sequel, when referring to the system, we mean (CZ’A+BIF1’BZ)
unless noted otherwise.
We will use the notation x+(A) and x(A) defined as follows:
x+(A) is the space spanned by the eigenvectors corresponding to the unstable
eigenvalues.

X (A) is the space spanned by the eigenvectors corresponding to the stable

eigenvectors.
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The following lemmas will also be needed.

Consider the set

¥, ¢ {FllJl(Fl,fz(Fl)) < k}

where fz(fl) represents the reaction of decision maker two to the controls
of decision maker one. That is, fZ(Fl) is the implicit mapping defined by

the optimization performed by decision maker two.

Lemma 3.6: The mapping F2- fZ(Fl) is continuous over the set of 1-'l for which

the triple
(Cy, (A+B,F.),B,)
is stabilizable and detectable.

Proof: The mapping F2= fz(Fl) is defined implicitly by the solution for K2

of the Riccati equation

- ' - 1o-1 '
0= (A+ BlFl) Kz + K2(A+ BlFl) KZBZRZZBZKZ + Q2 + F1R21F1
and
=11
Fz -RZZBZKZ.

The partial derivative of the Riccati equation with respect to its solution

KZ is

(I93") + ('3 1)

where ® is the Kromecker product (i.e., A®B= (a, B)) and where

ij
A= (A+BlF1+BzF2) .

If F1 is such that the system is stabilizable and detectable then
A will be stable. A characteristic of Kronecker products is that if A is

stable then so 1is




Sed pum o Pug

| S
.

S, AR

- N v
S

45

(Ih") + (A'91)

and since it has no eigenvalues A=0, it is nonsingular.
By the Implicit Function Theorem, if a function f(x,y) is dif-

ferentiable with respect to x and y and if
0= f(:‘h?)
where f: XXQf*X
then there exists a neighborhood N of § in 4 over which a continuous,

differentiable (implicit) function g(y) is defined such that

0= f(g(}') ,Y)Q YEN

if
of
- is nonsingular.
x| =
X
Therefore the function F2= fz(Fl) is continuous (and differentiable) over the
set of Fl for which the system is stabilizable and detectable.

The set 31 is a subset of
g, = {FllJl(Fl,Fz) < k; for any F,}
and

Lemma 3.7: The set &2 is a subset of 33 for a given k, a sufficiently

large f and a sufficiently small ¢ > Q where

33 ={F1|"F1" < f; Re{A(d)} € -e, £>0, for any Fz}.

Note that 83 is closed and bounded.

Proof: For our case where we have R11> 0 and R,, >0, Lemma 3.7 follows from

12

Lemma 3.8 which we will prove in detail. (Lemma 3.8 is in a more convenient

form to work with.)
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Lemma 3.8: TFor

X = Ax + Bu

-]
J =1 E{f (x'Qx+u'Ru)dt}

xo to
= ' =

R>0, E{xo} 0, E{xoxo} 1
c'C=Q»0
(C,A); observable

(A,B); stabilizable
3, = {FlU(M <k}
Fp = {FINFI < £; Re(A(A+BF)) < -e}.

For a given k, there exists a sufficiently large f<= and a sufficiently

small € >0 such that

d C& .
A B

A similar result for the case of Q>0 has been obtained in [25]

for output feedback.

Proof of Lemma 3.8: For anv F for which J(F) is finite the system will be

stabilized and the cost will be

J(F) = tr(L)

where L satisfies

LA+A'L+Q+ F'RF=0 (3.1)

where A= (A+BF). A = (A+BF).
By taking the norm of equation (3.1), we establish that Fe& &A implies that

IFl < £

C o o BT

et
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where
2
=2 /b e
f a + . > + a (3.2)
a
where

[
[}

2 min{IF'REN} > O
F

IiFll =1

ne>

2£-IBI

e

2£.0A0 + 11Q1 .
It remains to show that Fe E'A implies the existence of an €>0 such that

Re (A (A+BF)) < -¢.

Define _
Q=Q+ F'RF

and ~ m-1 i'= i
Q(F) =_ZO(A+BF) Q(A+BF) .
1=

Notice that
- ' —.' -
&Gl ¢c') = @l c'cal)
s0 RUA'[C") = R(J(F))

and Q(F) > 0.

i'

If we pre- and post-multiply equation (3.1) by A~ and Zi respectively, and

sum these equations over i=0,1,...,m-1, we have

e

A+A'L+Q=0

where m~1_;¢ _
e b Ai LAi.
i=Q

[l ]

Since 6> 0, the set [Fl Sf is closed and bounded and since the
eigenvalues of a matrix depend continuously on the elements of the matrix,

there exists a Unin




0<q = min min(},(Q)).
mn EI<F 1
Notice also that

m
i < iElxi(L) = tr(L)

for any L=L'>

:
I
i
i
B

L=Ll'">0
where
ILl = sup |Lx| = )‘max(L)'
| x| =1
Thus
ILI<JI(F) = k
|
for {)
Fe 'JA .
and 1 |
- m= (S
1L < k- £ (lall +081-6)2L & o,
i=0
If
= _1_ -~
L < e Q
then

Re{A(A)} < -e.

A sufficient condition for L<%Q is that

()

Ll < 7%

L therefore for Fe &A we have
Re{)(A+Bi,} € =¢
for £ such that
q

. . ‘min
. 0<e< TR (3.3)
1, So, for f as in (3.2) and ¢ from (3.3) we have
:
3;\ cJB.

s -
TR T
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The proof of Theorem 3.1 will be dome in three parts.

First, we show that, under the conditions ef the theorem, there
exists a leader's control that will make the system stabilizable for the
1t be finite the leader must choose Fl such
that the follower will stabilize the system.

follower and that in order for J

Second, we show that there exists a leader's control such that the
system is detectable by the follower and that for such an Fl' the follower will
stabilize the system.

The first two parts will establish that there exists an F, such that

1

31 and JZ are finite and we establish that the control gains considered by DMl

can be restricted to a set for which the follower will then be faced with a
stabilizable and detectable problem. In the third part we show that the
leader's optimization can be considered to be over a closed, bounded set on
which the follower's control depends continuously on the leader's control and
so the leader's cost function will be continuous in F. over this set. These

1

conditions are sufficient to establish the desired results.

Part 1

By Lemma 3.5 we know that there exists an F. such that the system

1
is stabilizable by the follower. Now we show that the leader must make the

system stabilizable to have a finite 31.

We can express 31 as

I o= E(Lim(x V(0)x,))

where - -
t

v(e) = [ e (cjc +FF + FéFz)eSAds

0
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with A= (A+81F1+BZF2) and, without loss of generality, assume Rll- I and
R,,=I. If A is unstable let ! be an eigenvalue with Re(u)® 0 and let x be
the corresponding eigenvector.

Then

‘QZs-Re (w)

x'Vx = [ (|Cx|2+|le|2+lex|2)ds.
0

If 3 is to be finite then this integral must be bounded as t+»=. For the

1

integral to be bounded, we must have

Cx = 0, le = (0, and sz = 0

so, —ie -
CAi lx = ui le = ()

Fjli'lx - ui'ls'jx =0 i=1,...,n

i=1,2
but this implies that
XE gl(Fl 9F2) .
This must be true for all unstable eigenvalues of K, therefore
*@&) € J.(F.,F
X ) 91 1’ 2)
but if condition i) holds then by Lemma 3.3
F1(FhFp) = ¢
-1.)
+ -
x (A) = ¢
which for amny Fz is equivalent to

+
x (A+ BlFl) c RZ(FI).

Thus (A+81Fl,32) is stabilizable by DMZ. So we have shown that if 31 is to
be finite then DMl must choose Fl such that (A+Blt-‘1,82) is stabilizable.

e &




Part 2

There exists an ?1 such that Re(A(A[R,(0)) <0 and so

+ -
R (0) NV x' (A+B,F;) =0.

But by coandition ii)

- = _— *
ﬂz(Fl,O) Cﬂz = R1 c Rl(O).

Therefore
+ - - -
N =

i i.e., the system is detectable for such an F,. The system is also stabi~-

1 1°
; lizable for such an Fl’ therefore the follower's resultant control FZ will
cause the system (A+Blfl+32fz) to be asymptotically stable and 3l‘<w and ]
§_ I <
Part 3

In the previous sections we have established that there exists an

i Fl such that the triple

(CZ’ A+ BlFl) ’BZ)

{ will be stabilizable and detectable and that in order for the leader to have

} a finite cost, such an Fl must be chosen. So, the optimal FI, if it exists,

must make the system stabilizable and detectable. It remains to establish

l that a minimizing control exists. If we can establish that the minimizing

control, F*, if it exists, will be contained in a closed bounded set F and

[ that the leaders cost function is continuous with respect to Fl over the set &,
‘ they by the Weierstrass theorem the minimum is attained in F, i.e., FI
(X3

exists [24].
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From this, Lemma 3.7 follows. From Lemma 3.7

31 c Jz c J3

and the optimization can be done over a closed, bounded set over which the

cost function 1is continuous in Fl' By the Weierstrass theorem an optimal

stabilizing solution exists.

3.4. Verification of Conditions

Most of the conditions for the existence of a stabilizing solution
can be tested by well éstablished techniques. The controllability of (A,B),
where B--BIEB2 is a concatenation of Bl and Bz, is readily checked as well as
the positive definiteness of the various matrices. Checking the condition

52X

however deserves some further discussion.

The subspace §; is the supremal (A,Bl)-invariant subspace contained
in n(cz). Algorithms for calculating a set of vectors which span a
supremal subspace have been considered by a number of authors, most notably -

in [26], where attention is paid to the computation reliable components of

supremal subspaces by algorithms whose stability and efficiency can be insured.

The subspace R{ is defined as the largest space o such that

-K:R1(F2) over all possible F That is, R{ is the greatest lower bound, in

9
the sense of subspace inclusion, for the set of RI(FZ). The inclusion of‘fg
within R{ is to be tested for and so, although it is not clear how to
efficiently calculate R{ exactly, any computed subspace of RI for which the

inclusion holds 1is sufficient to establish the desired result. Notice that

it

)
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unlike i;, there does not in general exist an F, such that Rl(Fz) = R{

Relationships that do hold and are useful are
UR CR*¥z N
PR SR = DRy (.

We might consider finding the ﬁl(Fl) of maximum dimension. The maximum
dimension of f(l(Fl) over all Fl is unique but there is no unique ﬁl(Fl)

with maximum dimension. The calculation of a Rz(Fl) of minimum dimension (not
unique), and thus the corresponding ﬁl(Fl) , can be done by the index and
decowposition algorithm of [27]. 1If g-; is contained in one such maximum ﬁl(Fl)
then this is sufficient to establish the result. The union of a finite
collection of arbitrarily generated subspaces ﬁl(Fl) might also be considered.

, and a candidate space #C R]'f, if

S = N (F,) (3.4)
flatre 1 2
se% of

2
then J-R]"_’ since the right hand side of (3.4) is an upper bound for R{

3.5. Conclusions

Conditions have been derived which are sufficient to insure the
existence of stabiliz_ing feedback gains which satisfy the Stackelberg strategy.
These conditions are sufficient and less restrictive conditions may exist.
Alchough it is possible to insure the existence of a minimizing contrel for

the leader, the computation of an optimal F, has not yet been dealt with and

1
requires investigation.
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CHAPTER 4

AN EXAMPLE OF THE IMPACT OF THE INFORMATION STRUCTURE

4.1. Introduction

In noncooperative decentralized decision making, the information
available to the controllers has a far more significant role than in the
case of a centralized, or even decentralized, single objective control problem.
In Chapters 4 and 5 we will investigate the Nash strategy and the role that

the information structure has in the determination of the controls and the

resultant cost incurred by each controller. 1In Chapter 4 an example is [n
presented and discussed in which a decision maker becomes worse off when ;
more information is made available to him. This demonstrates that more [;
information is not necessarily better and, more generally, it demonstrates :
that the choice of an information structure must be done in a systematic -
fashion. In Chapter 5 such a systematic approach is developed. _I
W
]

4.2. An Example
A problem in which there are many controllers, each having a Bg

different objective, can be formulated as a differential game with the
controllers acting according to a particular strategy. In a decentralized
problem, where each controller has different, incomplete information, the
information structure can have a significant and sometimes surprising impact
on the solution.

We examine a fairly realistic problem of a two-area electric power

distribution system in which the two area controllers determine constant

output feedback gains according to Nash strategy. An example demonstrates a
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situation in which one controller is worse off when more information is made
available to him.

This phenomenon has been noted previously [28], [29], and [30]
for static and one~step dynamic systems where the amount of information
is characterized in terms of the statistics of noisy measurements. We
consider a differential game where the controllers apply output feedback of
perfect measurements. The amount of information is characterized in the
following sense. Decision maker i (DMi) measures yi-c X, where x is the

ii

state of the system and C, is a matrix of appropriate dimension. We say that

i
yi- 1% is more informative than yi- Cizx if R(Ci'_l)DR(Ciz) where R(A):
range space of the matrix A, i.e., yi is composed of the measurements yi (to
within an isomorphic transformation) plus additional linearly independent
measurement(s).

The effect of the information structure seems counter-intuitive
at first, but will pe readily understood once the significance of the

"availability" of information is explained in terms of the strategy being

employed.

4.3. The System

. o ma — - u. e

We consider a two area electric power distribution system with a
tie-line interconnection. The model is based on [31]. Each area has a
steam plant and is modeled by a fifth order system, the states of which are
the deviations of the area frequency, the actuator position and the power
outputs of a high pressure turbine, an intermediate pressure turbine and a

low pressure turbine. The two subsystems along with the tie~line power flow
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comprise an eleventh order system. The load disturbance of each area is
modeled by a first order system so the combined power and disturbance systems
comprise a thirteenth order model.

The model is the two interconnected system model for steam powered

plants derived in [31]. The model is a linearization of the system about an
operating point, describing the system behavior under real power and frequency

variations. The state vector is

x, - valve displacement - area one

X, - power displacement of high pressure turbine - area ome

X., - power displacement of intermediate pressure turbine - area one
X, - power displacement of low pressure turbine - area one

Xg = frequency deviation in area one

Xe - tie~line power flow deviation - from area one into area two

Xy - valve displacement - area two

Xg - power displacement of high pressure turbine - area two

x9 - power displacement of intermediate pressure turbine - area two
X9 ~ power displacement of low pressure turbine - area two
X7 frequency deviation in area two
X1 ~ load disturbance in area one
X149 = load disturbance in area two.

The controls are
u - set point adjustment in area one
u, - set point adjustment in area two.

measures X,,. The

In case one, DM1 measures X 2 11

5 and in both cases, DM

system can be represented as

P

4 o '.A?erx‘;.‘}'ﬁﬁ o
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-2. 0 0 0 0
4.75 -5, 0 0 0
0 .16667 -.16667 0 0 a
0 0 2. -2, 0
| o .025 .02333 .035 -.1125_
.023685 |
a, = [0]J0]0]o0] 22.21439]
0 .
0 -.01 0
Ad=
0 o -.01
| -.08333
4.
0
1. 0
0 E=
c 1.
0 L
0

The criterion and covariance matrices are

SN RS PSR 2V S O

| .08333
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Q = Q = .28 Unit penalty on total area power generation.
1 2

4,4 10,10

Q, =0Q = 100.
s s 211,11

The Nash game will determine the gains of each of the area

controllers. We assume that in the steady state, each DM will meet the load

demand in his own area, i.e., the steady state power generated in area i is

o

equal to the steady state load in area i. For simplicity, the feedforward

gain from the area load disturbance is calculated such that if a step

h ——

increase in load were to occur then the controller for that area alonme would,

—t
Pl

in the steady state, meet the new demand. Thus these feedforward gains are

calculated from algebraic steady state conditions and are not considered as

control variables in the Nash calculations.

PRy SRR

The problem faced by each of the DMers is to minimize his average

o

steady state cost when the system is subject to constantly varying load

disturbances.

L ]
IR

The overall system is of the form

lY
X = Ax + Blul + Bzuz + Ev -
where . ‘%
X = ’ A= , Bi = . E=| |,
2z 0 A 0 E ll
3 d

The dimensions of these submatrices correspond to the dimensions of % and z,
where x is the system state, z is the load disturbance, and v is a white noise l}
process with zero mean and covariance V. i;
{Q
o e N . JS__;_, ¢ A ]
et 4 aaite ~u-nnu-i-------I‘.
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output feedback u, = -Fiyi.

DMi's cost function can be expressed [25]
= 1 ' '
Ji lim /zs{x(t) Qix(t)+-ui(t) Riiui(t)}

il

which, with feedback is

- 1y 1 et
J, = lim zs{x(t) (Qi+CiFiRiiFiCi)x(t)}.

£t

If we define the matrix

$ & lim E{x(£)x(t)'}
too V

then

=Y ot
Ji gtr{S(Qii-CiFiRiiFiCi)}.

The feedback gains F’{ and F; are Nash equilibrium values if

F*) for all admissible F

* %*
J) (F»F)) < 3, (Fy,F) 1

* pk * .
JZ(Fl,FZ) < J2(F ’FZ) for all admissible Fz.

For i=1,2 DMi has measurement Y = Cix and will apply linear

(4.1)

(46.2)

By application of the matrix minimum principle (32), (33], and [25],

the following necessary conditions for the Nash equilibrium output feedback

gains are obtained, i=1,2.

oJ

8-——1-: ' _R!? '
0 BFi RiiFiCiSCi BiPiSCi

- 1ot . A
0=0 + CiFjRF,C, + A P, +P.A
0 = EVE' + AS + SA'

where

A= (A—BlFlCl-BZFZCZ).

Each controller's primary concern is to minimize the frequency

(4.3)

(4.4)

(4.5)

deviations in his own area. The cost functions are symmetric in the sense

that each controller penalizes his own area frequency deviations, his area

power generation deviations and his own control actions.
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In the example, we compare the Nash equilibrium solutions for two
information structures. In case one, each DM measures his own area frequency

deviations, and in case two, DM1 has no measurement available for feedback

and DM2 still measures his own area frequency deviation.

In order to compare solutions for different information structures,
there must exist a unique solution for each case. We have established that
the Nash equilibrium solutions exist and are unique for this problem by direct
numerical calculations of the reaction curves of each controller. In order to
make such graphical analysis, it is necessary to restrict the number of
measurements available to each controller for feedback. Also, some simplistic
assumptions in defining each controller's criterion function are necessary to
insure uniqueness of the Nash equilibrium solutions, i.e., the explicit
appearance of a penalty on the tie-line power flow deviation in the criterion
functions would result in multiple equilibrium solutions under these particular
information structures. Although it is not penalized, the steady state tie-
line power flow deviation would in fact be zero under constant load distur-
bances as a result of the constraint that each controller alone must, in the
steady state, meet a constant load demand in his own area and the fact that
the resultant overall system is stable.

These assumptions regarding the criterion function and the number
of available measurements are needed to produce a clear, simple example and
are not meant to accurately represent a situation that might be encountered
in practice, particularly not for such a small scale system. It is ir lacge
scale systems in which such restricted information availability can be
expected and in which the impact of the information structure becomes most

important.
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For comparison we have also calculated the solution for the
Stackelberg strategy for the information structure of case one with DMl as
leader. With the Stackelberg strategy, the controllers do not determine
their controls simultaneously, as with the Nash strategy, but rather one
controller, the leader, will first determine his control and announce his
decision to the other controller, the follower, who will then determine his
control knowing what the leader's control will be. The leader, in deter-
mining his control, takes into account the follower's subsequent optimization.
It is assumed that the leader will not deviate from his announced controls
and that the leader knows the follower's cost function and is thus able to
calculate the follower's reaction to his controls. For a given information
structure, the leader will do at least as well as he would playing according
to the Nash strategy. Further details and discussion of the Stackelberg
strategy can be found in [2], [8], [7], [34], and [6].

The solutions are shown in Figure 4.1. The reaction
curves of the two DM's are plotted (where ui=-kiyi--kifi, fy is the fre-
quency deviation for area i) and the various solutions are indicated. RCi
indicates DMi's reaction curve, N1 is the Nash equilibrium solution for case
one, N2 is the Nash equilibrium solution for case two, and S indicates the

Stackelberg solution with DM1 as leader.

Table 1 summarizes the various solutions and the related costs.
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Figure 4.1. Reaction curves and equilibrium points.
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Table 1. Resulting Costs for Example

CONTROL GAINS COSTS (x10™°)
Y
_ ot | oMl o | Dl
i Nash +.40815 | +.40815 6.29 | 6.29
{case 1)
. Nash 0 +1.02695 3.49 [ 11.4
(case 2)
Stackelberg -.199 | +1.4171 3.19 | 14.49
DMI: leader

Going down the table we can see that DMl's cost decreases as we
go from case one to case two and from case two to the Stackelberg case. It
so happens for this problem that DMz's cost is increasing as we go down the
table. This is not always the case; examples can be constructed in which
- both DM's are better off when less information is available to one of them and

it is also possible that both DMers can have lower cost when using the

Bomin
v

Stackelberg strategy than when using the Nash strategy [2].

4.4, Discussion

] One might reasonably expect that, regardless of the presence of
| other controllers, if more information is made available to one of the

controllers, then that controller would be better off. Why, in case one
: of the example, could not DMl

reducing the problem to that of case two? The answer to this, it turns out,

simply ignore the available information,

| is the key to understanding the phenomenon.
The Nash equilibrium conditions, inequalities (4.1l) and (4.2) can
§ equivalently be thought of as follows. Each controller is performing an

optimization, minimizing his cost function over his entire set of admissible

* ——

L. C ey - ‘
_JL I . N " 9 s ¥
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controls, sutject to the constraint that the other controller is performing

his minimization over his entire set of admissible controls (i.e., over all

linear feedback rules for the set of available measurements). In order to

have a Nash equilibrium, the optimizations must be consistent; each DM's

control must be the optimal over his entire admissible set of controls given
that the other DM is applying his Nash control, i.e., inequalities (1) and (2)
must hold. Since each controller is assuming that the other controller is
optimizing over his entire set of admissible controls, they are each con-
strained by the consistency requirement to optimize over their own entire set

of admissible controls. So, inherent in the Nash inequalities is the constraint

that each DM must optimize over all admissible controls; measurements cannot

be ignored.

This requirement for consistancy is what constrains the controllers
to use the information in a way that could possibly be detrimental to all of
the controllers. 1Is it possible for a controller to avoid this requirement,
1 allowing him to ignore information? Yes, with the Stackelberg strategy, this
4 is accomplished by the leader. By simply allowing for a precedence of
decision making, the Stackelberg strategy frees the leader of the requirement
that his control must be optimal for the given reaction of the follower. This
not only allows the leader to ignore information, if appropriate, but, as
demonstrated in the example, he can use the information to his advantage.

In this chapter, we have presented an example which demonstrates
that if a dynamic system is to be controlled by more than one controller, and
the controllers are acting according to the Nash equilibrium strategy, then

a change in the information available to one or more of the controllers can

’ r—

(5 ST
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have a surprising effect. In particular, making more information available

Poormcatinn [ S— [y
. . .

to one of the controllers does not necessarily bring about improved

l performance.

In the next chapter we will consider techniques for changing the
information structure used in a Nash strategy with the goal of improving some

measure of the overall system performance.

Y
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CHAPTER 5

INFORMATION DESIGN

5.1. Introduction

In conventional single criterion optimizations, the design of an
optimal information structure generally reduces to either the determination
of the most informative structure which satisfies certain measurement con-
straints or to precisely defining the tradeoffs between the cost of acquiring
information and the value this information has in terms of its effect on the
performance of the control system [35], [36], and [37]. As was demomstrated
in the previous chapter, the effect that the information available to one
of the controllers has on his performance or on the performance of the other
controllers is not quite so self-evident when the decisions are being made
according to the Nash strategy. Also, the definition of overall system
performance must be made precise if it is to be used in the design of a
"better" information structure.

In this chapter we will develop an approach to the design of the
information structure that will provide improved performance for the overall
system. In order to do this, the design of the information structure for a
system in which the controllers are choosing their controls according to a
Nash equilibrium strategy must incorporate a precedence relatiomship, i.e.,
the Nash equilibrium solution for the controls is done for a given, specified
information structure. The information design is not itself a part of the
Nash equilibrium conditions but rather is done taking into account the
subsequent optimizations being performed according to the Nash strategy. 1In

this sense, the designer of the information structure is behaving as the

B Y. ) —
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leader would in a Stackelberg strategy when his control is the information

system. The optimization for the information structure must append the sub-

sequent optimizations of the individual DMers.

5.2. The Design Technique

The particular formulation that we will consider is as follows.

A linear system with m controllers acting on it is represented by

m
X = Ax + iEIBiui.

The ith controller has measurements

yi = Cix

and will apply a linear output feedback

uy = -Fiyi = -Ficix

in an effort to minimize the cost function
ts
m
J, = E{"x!K,  x_+'[ (x'Qx+ I uiR,  u)dt}
X
(¢} t

1 £HEE j=1"3 11"
[o]

(5.1

(5.2)

(5.3)

(5.4)

where the expectation over X is to remove the dependence of the solution on

the initial condition.

The information structure is determined by the output matrices, C

in (5.2).

i’

We will develop the information design procedure for the case of

linear, static output feedback control (5.3). The extension to the case of

the controllers using dynamic compensation of fixed order is straightforward

and conceptually equivalent [38].

The Nash equilibrium output feedback gains

-_*
u = -Fyy,




68

are defined as those gains which satisfy the inequalities
L]

Ji(FI,...,F* F* F*

* *
1-1°FiFiagoee ooy S I (Fpaeee,

* %* x
FY_ oFoFlgs e oFR)

&rau.a,i-lﬂp.”m. (5.5)

For a given, fixed information structure, (5.2), the necessary conditions
for the output feedback gains can be determined by use of the matrix

minimum principle [32] and [33]. We will develop these first, in terms of a

fixed information structure, and then develop the information design stage.

The cost functions (5.4) can equivalently be written

t
Jyo="'a {ftr{aiX}dt + tr{Kithf} (5.6)
where _ ° m .
Q =+ jﬁlcj'FjRiijCj
L and X satisfies
X = AX + XA' (5.7)
i X(e)) = % & E(x x'}

_ m
A= (A- jElBijCj).

The Hamiltonian is formed, appending the matrix differential equation (5.7),

Hi(X,Ai,F sj=1,...,m) = '/,[cr{ﬁix}+cr{/\i(§x+x1')}], i=1,...,m.

3

] From the matrix minimum principle, the minimization of (5.6) with respect
to Fi in accordance with the Nash strategy (5.5) yields the following

necessary conditions

- ey -
Ai = —Qi-A Ai— A:LA (5.81)

Aeg) = Kyg

r CSRTT TR W

u—-—l—w‘ vl A" i - DT




e

- g -

mre e WM TR A ot Sl o <. -

69

H
i ' v '
SFI = ()= RiiFiCixCi-BiAixci i=1,2,...,m. (5.91)

If the feedback gains were constrained to be constant throughout the
interval [to,tf) then the condition éi-=o would be appended in the Hamiltonian
which would result in equation (5.9i) being replaced by

a1, ;f aH,
— -— dt = 0’
3F, E 3F,

i.e., for fixed Ci,

oJ
-—1- '_B' ! '
0 3Fi RiiFiciPCi BiAiPCi (5.91")

where tf
P = [ X(t)dt.

t
o]

For a given information structure (5.2), the control gains must

satisfy (5.7), (5.81), and (5.91i) for i=l1l,...,m. These equations are a
two-point boundary value problem and must be solved iteratively. Since
expressions for the gradients are knowm (5.91) or (5.9i'), gradient dependent
schemes for solving the equations are applicable. Convergence of any approach
cannot be assured a priori in that the existence of an equilibrium solution is
itself not assured.

We now have a characterization of the behavior of the individual
controllers in thier determination of feedback gains for a given information
structure. The second phase of the problem, the design of the information
structure, can now be developed.

We assume that the information matrices will be chosen to minimize

a cost function

- e ey -ty e
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i
I, = ‘/,fo{{ (x'Q x-‘-j 1ujR juj)dt+x K eX¢ }.

It is assumed that this cost function, in some sense, represents an overall
system cost which is to be minimized by the choice of the Ci matrices. This
might, for example, be a Pareto-optimal cost function agreed on by all of the
individual decision makers, i.e., if they agree on the relative importance

of their individual costs as expressed by the a,'s then

i
m
= > =],
JO iElaiJi, ay 0, i*lai 1

Alternately, the overall cost function might be a Lyapumov function in which
case the information structure is chosen to provide stabilization under the
subsequent control actioms.

The optimization for the Ci's is done with each Ci held to a fixed
allowable maximum rank. Therefore as a special case, one may allow each

C, to attain a maximum rank equal to the dimension of the system thereby

i
admitting full state feedback as an allowable information structure. Note
that full state feedback will not necessarily result as being the optimum
structure since, as was demonstrated in the previous chapter, more informa-
tion is not necessarily better. More realistically, there may be only a
limited set of measurements available to begin with, e.g., certain states may

not be directly measurable at all or only certain states are measurable by

certain controllers, allowing for conditions such as geographic separation.

These conditions can be treated by assuming the measﬁ;éheﬁts‘tﬁ‘be"in~ehe.Wh_w

form

v, = CiDi i=1l,...,m

where D, is a fixed matrix and, as before, C, is the matrix to be determined

i
in the optimization.

i
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Certain special cases are of interest. In particular, if for

some i, an initial guess for the information structure is taken to be Ci- I,

Cj-O, j¥i, then decision maker i is faced with a conventional full state
feedback optimization and the remaining controllers are constrained to take

no action. This provides a convenient starting point for the iterative

calculation of the information structure.

The necessary conditions for the information structure design are

presented in the sequel.

For the given Jo’ the Hamiltonian is formed to append the necessary
conditions which characterize the Nash equilibrium solution for the feedback

gains.

m ]
H =Y, tr{(Q°+j£10ijR°ijCJ.)x}

m m
1 -() =A' - - ot -C'T'R! -
+ 351”"{?03[ Q -A'A-AA iEl(ciFiRjiFici CiFiBiAj AjBiFiCi)]}

o ' ' ' [
+ ziltr{BOQ[RQEFICQXCQ-BQALXCQI}

m

m
B,F,C,)Z+X(A'- £ C'F'B))]}.

+-latr{Fo[(A-j§1 5F4C4 12181718

By the matrix minimum principle the necessary conditions are found to be

the following;

BHO ,
3?; = (0= RoijCjXCj

m
* 8 CResT1C4%0505 By MPorCy)

+ Rjj ojcjxcs-sj oXC:;, j=1l,...,m (5.10)

e ——y o — - T e ,'
wiidimonn wailli A oo S o
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. au; m '
I‘o - - W = —{Q°+j£1CijR°ijcj

i

) q;
! tpt

* OB Rea el T CoFaRnB0nCy ! .}

l

]

‘}

m
- vt A oo ré Iy
L (Ch 801 iRy BBy Co 1+ KT # T, R) (5.11)
where - m
A= (A-.IB.F.C,
(A=yI)B4FyCy)
Fo(tf) = Kof
. L m
B - —— B - - L t L L
T Y T AT SR I'ﬂ
4
- - L * 1 = =
B,B_,C,X-XC}B! B}, P (t)=0, %=1,...,n (5.12)

P~ e
[N

on' o
0=—==F'R,,F,C,X~ L

' ~F'R!'
aci 1Ri31F1C4 j’l[F R,,F.C.P -F.B AP B.F,]

1Ry1F1CP057F1B184%057 03384 L

' ' "R - F'R! =
+8) R F.C +FR B CX+8g' BIAX-FBT X, 1=1,...,m. (5.13)

Or, for the optimal time-invariant Ci's, equation (5.13) is

replaced by

31" ¢ om
—o.- _9- F3 1
5o / =g dt =0 (5.13")

For a given information structure, the feedback gains are found
by solving (5.7), (5.81), and (5.91) for i=1l,...,m. This provides us with
1 the Fi,
solved for Fo and Poi for i=l,...,m where the algebraic equations of (5.10)

X, and the Ai’ i=1,...,m. The equations (5.11) and (5.12) are then

are solved to eliminate the Boi for i=]l,...,m. The gradient (5.13) or (5.13")




can now be evaluated, new Ci's determined, and the process is repeated
until convergence is obtained or an adequate improvement in performance

is attained.

The amount of computation is quite significant but, fortunately,
these computations are done once only and are done by only one decision maker
at the time the information structure is being chosen. These computations
are transparent to all of the individual controllers since they merely
determine their feedback gains for the information structure which, at that
time, is determined and fixed. Thus, the precedence relationship of the
optimizations isolates the individual controllers from the major computa-

tional task of the information structure design. This is a similar effect

to the advantage found in the sampled data formulation of Chapter 2. The

.. case in which the available information is restricted, as represented by

. Vi = CyDyx i

is conceptually equivalent and the necessary conditions are developed along

: identical lines.

t For the case in which the problem is defined over an infinite
horizon, the necessary conditions for the output feedback gains and for the 1
information structure matrices reduce to a set of algebraic equationms.

For this case, the final necessary conditions reduce to the

following.

i For a given information structure, the output feedback gains

must satisfy

- - m
A'A, + ALA + + L C!F!R, . F.C, =0
1 Aty j-le 31337
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AL + 1A' + X, =0 (5.15)
83, oo '
0= 352 = R, F,C,LCI ~ BIALCS (5.16)
where ) o
A= (A'iﬁlsiFici)

for i=1,2,...,m.

The conditions for the optimal information structure are

m
rA+A'T + % {c'B'(F..F.C.-B'A.) + (C'F'R, .-A,B.)B.C,}
451 1038y (BygFyCyByhy) + (CyFyRy5=AyByIBCy
m
+ + I C!'F'R ,F.C, =0 5.17
% j=1 3 303 373 (517
0=R ,F.C,LC'-B'TLC' + R BCLC'+ ‘;{-B’ P.C'+ F.C.P.C'} (5.18)
01F3C41Cs ~ByTLCy + Ry ByCyLCy *+ It 7By MePily * Ry FyGRy? O
which is solved to eliminate the Bj's,
L o ] 1 1 1 ] ] L

0= APQ,-PQ,A + kﬁl[BkaCkP1+chkaBk] -BQBZCZL-LCRBZBZ (5.19)

oJ

=92 o - o ' _pint -
0 3C FiRiiFiCiL jE]_[FiRjiFicin FiBiAij PjAjBiFi]

i
' ' 1t — F'R! =
+ BiRiiFiCi + FiRiiBiCiL + BiBiAiL FiBirL i=1,...,m. (5.20)

An iterative procedure is possible using the gradient information

supplied by (5.20).

Equation (5.18) is used to remove the dependence of (5.17), (5.19),

and (5.20) on the Bj's

- -1 L. ’ z «-R! 1 1 ' -1
Bj Rjj{RoijCjLCj BerCj+k£1[ BjA'kPij+R'kijCijCj]}(chCj)

and 1if Cj is not full rank, the equation is still solvable since

&(c LCj) = q(C))

3 3

for L>0, vwhere f(.) denotes range space.
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5.3. An Example

For a simple example to demonstrate the improvement in performance
attainable through changes in the information structure, consider the
following.

The system

x = Ax + Blul + Bzu2

is second order with u, and u, both scalar

-10 0
A=

L 0 -10

(-1 +1
B, = B, =
L la 2 [

= -fiyi = -fiCix.

Yy

The information structure is given by

1
C1 C2 7 (1 1].
The cost functions
a 1 1
3, n,,E{({ (x'Q x+ R, u, )dt} L
are specified by
"o 0]
Q -
1 .0 1000 |
(1000 0]
Q -
2 . 0 0|
and
R,, =1 i=1,2.
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For this given nominal information structure, the behavior of the controller
is best illustrated by calculating their reaction curves. One to the
symmetry of the problem, the reaction curves are symmetric with respect to

one another across the 45° line. Figure 5.1 illustrates the reaction curves

where fi(f ) denotes controller i's optimal feedback gain as a function of

3

fj’ j#i, i=1,2. The intersection of the reaction curves is the point which
satisfies the Nash inequalities. At the Nash equilibrium point,

Jl = J2 = 47
for which
- U/ 1 =
JO le+ /2J2 47. !
=
Now let us consider the effect that a change in the information structure can {d
have. §
We will consider variations in the information structure para- l~

meterized in terms of one parameter as follows:
Let
C1 = [sin(8) cos(8)]

C2 = [cos(8) sin(0)].

Notice that by parameterizing the information structure in terms of 8, we
are maintaining
Hci(e)H = 1.
Variation of 6 is a rotation of the measurement vectors in state space.
The reaction curves and equilibrium points for a few values of 6
are shown in Figure 5.2.

In particular, the optimal value of 8 is found to be 8= -45° for

which Jo'-16.3. The reaction curves for this case are shown in Figure 5.2c).

E

SRR SN
.. e — = i




> f5

FP-6703

Figure 5.1. Reaction curves for nominal information structure.
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Figure 5.2a. Reaction curves for 6 = 45.

Figure 5.2b. Reaction curves for 3 = 0.
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f1
?
301
§ = -a5°
20} fz(fl) Jo*= 16.3
N
10+~
f1(f2)
\ | | _
o0 10 \ 20 30

Figure 5.2c. Reaction curves for 6 = -45.

f
A
o]
6 =-60°
Jo =18.0
20
1% £, (4)
fa(fy)
0 2(fy : . -y
0 10 20 30
P -grO8

Figure 5.2d. Reaction curves for 9 = -60.
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For this information structure the costs incurred by each controller and the

overall cost are all reduced to approximately one-third of their values

5.4. Conclusions

The optimization for the information structure must append the
necessary conditions which characterize the subsequent calculations for the
Nash equilibrium solution. The continuity of the Nash equilibrium conditions
with respect to the parameters of the information structure is not insured
and requires further investigation if any assurances are sought for a well
behaved, convergent algorithm. In fact, an algorithm for the calculation of

Nash equilibrium output feedback gains for a given information structure with

conditions which guarantee convergence would be significant in its own right.

1
for the original nominal information structure which corresponds to o =+45°. '
1
§
i

Lo oo on « o e g gy = e =
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CHAPTER 6

CONCLUSIONS

The decentralized control problem where the individual controllers
have different goals has been considered. We have focused on the role of the
Stackelberg strategy, particularly for its application for the coordination

of many controllers.

Several issues related to the applicability of the strategy have
been dealt with, resulting in tractable, efficient algorithms. The structure
of the solution to a sampled data formulation has been exploited to obtain
particularly efficient solution techniques.

The existence of solutions satisfying the Stackelberg strategy
cannot in general be assured a priori. Conditions sufficient for guaranteeing
the existence of a solution satisfying a Stackelberg strategy have been
developed. These are merely sufficient conditions and there is need for
further development.

The impact that the information structure can have on a solution
satisfying the Nash strategy has been illustrated by means of an example.

The example serves as motivation for the next section in which an approach

to the design of the information structure has been developed which exploits
the precedence nature of the Stackelberg strategy. The information structure
alone is manipulated in an effort to coordinate the subsequent actions of

the controllers. As with most coordination schemes using the Stackelberg
strategy, the activities of the leader or coordinator are transparent to the 4

individual controllers.
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